is also shown to exist and to be related to Bernoulli numbers and combinatorial theory.
Introduction
and preliminary notions. This paper continues the plan of [5] , which seeks finite-difference counterparts to notions from the theory of Hardy classes and Fourier analysis. The Hardy class for the unit disk has counterparts in the Newton spaces y^, h > 0. The Euler spaces £?n, h > 0, defined in this paper are analogues of the Dirichlet space. Their construction is motivated by a general theorem on reproducing kernel Hilbert spaces: Let K(s, t) be the reproducing kernel for a Hilbert space Jf of functions on a set S. Then H(s,t) = exp(K(s,t)) is the reproducing kernel for a Hilbert space %? of functions on S. For any f(t) in Jf, exp(f(t)) belongs to 3T and 
\\exp(f(t))\[2r<exp(\\f(t)[\2r).
If equality holds and g(t) is any second element of ffl, then (exp(f(t)), exp(g(t)))r = exp((f(t),g(t))-r).
This result is given by L. de Branges [2] The weighted Mellin transform of a function f(t) in L2(wn), where Wh(t) = e-'^-1 on (0,oo), is the function 1 f°°F {z) = T(z + h)j /Oe"***1"*"1*. Re*>- §*.
The mapping f(t) -> F(z) so defined is an isometry from L2(wn) onto jVh. Details and additional information may be found in [5] . For any positive number h, the Newton space JVh has reproducing kernel T(h)T(z + w + h) " ,, " ,,
The logarithmic version of jVh, if there is one, should have reproducing kernel
e show that a space §5, with this reproducing kernel does indeed exist, and its structure is determined by an identity that is due to Euler in the case h = 1 and Legendre in the general case. An Euler transform is defined analogously to the weighted Mellin transform, and it yields an isometric integral representation of the space. Moreover, the space is characterized by certain area integrals of derivatives in a manner reminiscent of a well-known characterization of the Dirichlet space.
It is natural to ask if additional logarithms can be formed. In this direction, we
show that the kernel log -log---
[wz 1 -wz is positive definite on the unit disk and related to Bernoulli numbers and combinatorial theory. It is not known if a similar result holds for the Euler spaces.
2. Euler spaces. We first derive the Euler-Legendre formula [6, §73] (1\ W nh)T(z + w + h) f1 t*_-l tv-lt-l.y K> gT(z + h)T(w + h) Jq t-1 t-1 logt which structures everything that follows. The principal branch of logarithm is understood (logl = 0). The formula is valid with absolute convergence of the integral for any complex numbers z, w, h such that h, z + w + h, z + h, w + h have positive real parts. In particular, the formula holds when h is real and positive, Rez > -\h, and Rew > -\h. Begin with Gauss's formula [6, §72] d f°° Te"' e~tz '
Eh,rW-jr [-j-j-^j* Re,>0, in its integrated form due to Plana [6, §73] ,
If h, z + w + h, z + h, w + h have positive real parts, then
which yields (2) after a change of variables. / YT-r xh(t)dt<C6[z[2, Rez>-6, Jo I t ~ 1 for some Cs > 0. In particular, the integral defining F(z) is absolutely convergent for Re 2 > -jft. Differentiation under the integral in (3) is justified, since
Rez > -6, Rew > -6 (6 < \h). Hence (4) 
3,k=l
The function F(z) belongs to the Newton space Jr\, and
The example includes every rational function F(z) that has no zeros or poles in the closed half-plane Re 2 > -Aft. The Newton-space estimate is a special case of the finite-difference counterpart of the Lebedev-Milin inequality stated in §1.
To obtain the example, write the Euler-Legendre formula (2) A formal calculation using the binomial series yields
with coefficients given by (6) . To justify the calculation, it is sufficient to show that oo ry
for Re2 > -\h.
We use standard information concerning the behavior of the gamma function for large arguments [3, §1.18] . Let a and b be any complex numbers, and let 6 be a positive number less than tt. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
